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New examples of compact special Lagrangian
submanifolds embedded in hyper-Ka¨hler
manifolds
Kota Hattori
Abstract
We construct smooth families of compact special Lagrangian submanifolds em-
bedded in some toric hyper-Ka¨hler manifolds, which never become holomorphic
Lagrangian submanifolds via any hyper-Ka¨hler rotations. These families converge
to special Lagrangian immersions with self-intersection points in the sense of cur-
rent. To construct them, we apply the desingularization method developed by
Joyce.
1 Introduction
In 1982, Harvey and Lawson have introduced in [4] the notion of calibrated
submanifolds in Riemannian manifold. They were recognized by many re-
searchers as the important class of minimal submanifolds which had already
been well-studied for a long time. One of the importances of calibrated
submanifolds is the volume minimizing property, that is, every compact cal-
ibrated submanifold minimizes the volume functional in its homology class.
The several kinds of calibrated submanifolds are defined in the Rieman-
nian manifolds with special holonomy. For example, special Lagrangian sub-
manifolds are the middle dimensional calibrated submanifolds embedded in
Riemannian manifolds with SU(n) holonomy, so called Calabi-Yau mani-
folds. In hyper-Ka¨hler manifolds, which are Riemannian manifolds with
Sp(n) holonomy, there is a notion of holomorphic Lagrangian submanifolds
those are calibrated by the n-th power of the Ka¨hler form. At the same
time, hyper-Ka¨hler manifolds are naturally regarded as Calabi-Yau mani-
folds, special Lagrangian submanifolds also make sense in these manifolds.
Hence there are two kinds of calibrated submanifolds in hyper-Ka¨hler man-
ifolds, and it is well-known that every holomorphic Lagrangian submanifold
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becomes special Lagrangian by the hyper-Ka¨hler rotations. The converse
may not holds although the counterexamples have not been found.
Another importance of calibrated geometry is that some of the calibrated
submanifolds have the moduli spaces with good structure. For instance,
McLean has shown that the moduli space of compact special Lagrangian
submanifolds becomes a smooth manifold, whose dimension is equal to the
first betti number of the special Lagrangian submanifold [11].
Although the construction of compact special Lagrangian submanifolds
embedded in Calabi-Yau manifolds is not easy in general, Y. I. Lee [10],
Joyce [6][7] and D. A. Lee [9] developed the gluing method for the con-
struction of families of compact special Lagrangian submanifolds converging
to special Lagrangian immersions with self-intersection points as a sense of
current. Moreover D. A. Lee construct a non-totally geodesic special La-
grangian submanifold in the flat torus by applying his gluing method. After
these working, several concrete examples of special Lagrangian submanifolds
are constructed by gluing method. See [5][2][3], for example.
In this paper we apply the result in [6][7] to the construction of new
examples of compact special Lagrangian submanifolds embedded in toric
hyper-Ka¨hler manifolds. Moreover, these examples never become holomor-
phic Lagrangian submanifolds with respect to any complex structures given
by the hyper-Ka¨hler rotations.
A hyper-Ka¨hler manifold is a Riemannian manifold (M4n, g) equipped
with an integrable hypercomplex structure (I1, I2, I3), so that g is hermitian
with respect to every Iα, and ωα := g(Iα·, ·) are closed. For any θ ∈ R,
note that e
√−1θ(ω2+
√−1ω3) becomes a holomorphic symplectic 2-form with
respect to I1. If the holomorphic symplectic form vanishes on a submanifold
L2n ⊂ M , L is called a holomorphic Lagrangian submanifold. Clearly, this
definition is not depend on θ.
Similarly, we can define the notion of holomorphic Lagrangian submani-
fold with respect to a complex structure aI1 + bI2 + cI3 for every unit vector
(a, b, c) in R3. The new complex structure aI1 + bI2 + cI3 is called a hyper-
Ka¨hler rotation of (M, g, I1, I2, I3).
The hyper-Ka¨hler manifold M is naturally regarded as the Calabi-Yau
manifold by the complex structure I1, the Ka¨hler form ω1 and the holomor-
phic volume form (ω2+
√−1ω3)n. Then we can easy to see that holomorphic
Lagrangian submanifolds with respect to cos(αpi/n)I2+sin(αpi/n)I3 are spe-
cial Lagrangian for every α = 1, · · · , 2n. Conversely, it has been unknown
whether there exist special Lagrangian submanifolds embedded in hyper-
Ka¨hler manifolds never come from holomorphic Lagrangian submanifolds
with respect to any complex structure given by the hyper-Ka¨hler rotations.
The main result of this paper is described as follows.
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Theorem 1.1. Let n ≥ 2. There exist smooth compact special Lagrangian
submanifolds {L˜t}0<t<δ and {Lα}α=1,··· ,2n embedded in a hyper-Ka¨hler mani-
fold M4n, which satisfy limt→0 L˜t =
⋃
α Lα in the sense of current, and L˜t is
diffeomorphic to 2n(P1)n#(S1 × S2n−1). Moreover, each Lα is the holomor-
phic Lagrangian submanifold ofM with respect to cos(αpi/n)I2+sin(αpi/n)I3,
although L˜t never become holomorphic Lagrangian submanifolds with respect
to any complex structure given by the hyper-Ka¨hler rotations.
This is one of examples which we obtain in this article. Furthermore, we
obtain special Lagrangian 2P2#2P2#(S1×S3) embedded in an 8-dimensional
hyper-Ka¨hler manifold and special Lagrangian (3N+1)(P1)2#N(S1×S3) em-
bedded in another 8-dimensional hyper-Ka¨hler manifold, both of which never
become holomorphic Lagrangian submanifolds with respect to any complex
structure given by the hyper-Ka¨hler rotations.
Theorem 1.1 has another significance from the point of the view of the
compactification of the moduli spaces of compact special Lagrangian subman-
ifolds. In general, the moduli space M(L) of the deformations of compact
special Lagrangian submanifolds L ⊂ X is not necessarily to be compact,
consequently the study of its compactification is important problem. It is
known that the compactification ofM(L) is given by the geometric measure
theory. The special Lagrangian immersion
⋃
α Lα appeared in Theorem 1.1 is
the concrete example of an element of M(L˜t0)\M(L˜t0). D. A. Lee also con-
sidered the similar situation, however the Calabi-Yau structures of ambient
space of L˜t is deformed by the parameter t in [9].
Here, we describe the outline of the proof. Let (M,J, ω,Ω) be a Ka¨hler
manifold of complex dimension m ≥ 3 with holomorphic volume form Ω ∈
H0(KM), and Lα ⊂M be connected special Lagrangian submanifolds, where
α = 1, · · · , A. Put V = {1, · · · , A}, and suppose we have a quiver (V, E , s, t),
namely, V consists of finite vertices, E consists of finite directed edges, and
s, t are maps E → V so that s(h) is the source of h ∈ E and t(h) is the target.
A subset S ⊂ E is called a cycle if it is written as S = {h1, h2, · · · , hl}
and t(hk) = s(hk+1), t(hl) = s(h1) hold for all k = 1, · · · , l − 1. Then E is
said to be covered by cycles if every edge h ∈ E is contained in some cycles
of E .
If there are two special Lagrangian submanifolds L0, L1 ⊂ X intersecting
transversely at p ∈ L0 ∩ L1, then we can define a type at the intersection
point p, which is a positive integer less thanm. Then we have the next result,
which follows from Theorem 9.7 of [6] by some additional arguments.
Theorem 1.2. Let (V, E , s, t) be a quiver, and Lα be connected compact spe-
cial Lagrangian submanifolds embedded in a Calabi-Yau manifold (M,J, ω,Ω)
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for every α ∈ V. Assume that Ls(h) and Lt(h) intersects transversely at only
one point p if h ∈ E , and p is the intersection point of type 1, and Lα ∩ Lβ
is empty if α 6= β and there are no edges connecting α and β. Then, if E
is covered by cycles, there exists a family of compact special Lagrangian sub-
manifolds {L˜t}0<t<δ embedded in M which satisfies limt→0 L˜t =
⋃
α∈V Lα in
the sense of current.
To obtain Theorem 1.1, we apply Theorem 1.2 to the case that M is a
toric hyper-Ka¨hler manifold and Lα is a holomorphic Lagrangian subman-
ifold with respect to cos(αpi/n)I2 + sin(αpi/n)I3. Accordingly, the proof is
reduced to looking for toric hyper-Ka¨hler manifoldsM and their holomorphic
Lagrangian submanifolds L1, · · · , L2n satisfying the assumption of Theorem
1.2. In particular, to find Lα’s so that E is covered by cycles is not so easy.
The author cannot develop the systematic way to find such examples in toric
hyper-Ka¨hler manifolds, however, we can raise some concrete examples in
this article.
In toric hyper-Ka¨hler manifolds, many holomorphic Lagrangian subman-
ifolds are obtained as the inverse image of some special polytopes by the
hyper-Ka¨hler moment maps, where the polytopes are naturally given by the
hyperplane arrangements which determine the toric hyper-Ka¨hler manifolds.
We can compute the type at the intersection point of two holomorphic La-
grangian submanifolds, if the intersection point is the fixed point of the torus
action. Finally, we can find examples of toric hyper-Ka¨hler manifolds and
such polytopes, which satisfy the assumption Theorem 1.2.
Next we have to show that these examples of special Lagrangian sub-
manifolds never become holomorphic Lagrangian submanifolds. Since L˜t is
contained in the homology class
∑
α(−1)α[Lα], we obtain the volume of L˜t by
integrating the real part of the holomorphic volume form over
∑
α(−1)α[Lα].
On the other hand, if L˜t is holomorphic Lagrangian submanifold with respect
to some aI1 + bI2 + cI3, then the volume can be also computed by integrat-
ing (aω1 + bω2 + cω3)
n over
∑
α(−1)α[Lα], since aω1 + bω2 + cω3 should be
the Ka¨hler form on L˜t. These two values of the volume do not coincide, we
have a contradiction. At the same time, we have another simpler proof if
the first betti number L˜t is odd, since any holomorphic Lagrangian subman-
ifolds become Ka¨hler manifolds which always have even first betti number.
The example constructed in Theorem 1.1 satisfies b1 = 1, hence we can use
this proof. However, we have other examples in Section 6 whose first betti
number may be even.
This article is organized as follows. First of all we define σ-holomorphic
Lagrangian submanifolds in Section 2 and review the constructions of them
in toric hyper-Ka¨hler manifolds in Section 3. Next we review the definition
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of the type at the intersection point of two special Lagrangian submanifolds,
and then compute them in the case of toric hyper-Ka¨hler manifolds in Section
4. In Section 5, we prove Theorem 1.2 by using Theorem 9.7 of [6]. In Section
6, we find toric hyper-Ka¨hler manifolds and their holomorphic Lagrangian
submanifolds which satisfy the assumption of Theorem 1.2, and obtain com-
pact special Lagrangian submanifolds embedded in some toric hyper-Ka¨hler
manifolds. In Section 7, we show the examples obtained in Section 6 never
become σ-holomorphic Lagrangian submanifolds for any σ ∈ S2.
Acknowledgment. The author would like to express his gratitude to
Professor Dominic Joyce for his advice on this article. The author is also
grateful to Dr. Yohsuke Imagi for useful discussion and his advice.
2 Holomorphic Lagrangian submanifolds
Definition 2.1. A Riemannian manifold (M, g) equipped with integrable
complex structures (I1, I2, I3) is a hyper-Ka¨hler manifold if each Iα is orthog-
onal with respect to g, they satisfy the quaternionic relation I1I2I3 = −1 and
fundamental 2-forms ωα := g(Iα·, ·) are closed.
We put ω = (ω1, ω2, ω3) and call it the hyper-Ka¨hler structure. For each
σ = (σ1, σ2, σ3) ∈ S2 = {(a, b, c) ∈ R3; a2 + b2 + c2 = 1},
we have another Ka¨hler structure
(M, Iσ, ωσ) := (M,
3∑
i=1
Iiωi,
3∑
i=1
σiωi).
Take σ′, σ′′ ∈ S2 so that (σ, σ′, σ′′) forms an orthonormal basis in R3. Suppose
it has the positive orientation, that is,
σ ∧ σ′ ∧ σ′′ = (1, 0, 0) ∧ (0, 1, 0) ∧ (0, 0, 1)
holds. Then we have another hyper-Ka¨hler structure (ωσ, ωσ
′
, ωσ
′′
) which is
called the hyper-Ka¨hler rotation of ω.
Definition 2.2. Let (M, g, I1, I2, I3) be a hyper-Ka¨hler manifold of real di-
mension 4n, and L ⊂ M be a 2n-dimensional submanifold. Fix σ ∈ S2
arbitrarily. Then L is a σ-holomorphic Lagrangian submanifold if ωσ
′|L =
ωσ
′′ |L = 0.
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It is easy to see that the above definition is not depend on the choice of
σ′, σ′′.
Any hyper-Ka¨hler manifolds can be regarded as Calabi-Yau manifolds
by considering the pair of a Ka¨hler manifold (M, I1, ω1) and a holomorphic
volume form (ω2 +
√−1ω3)n ∈ H0(M,KM), where KM is the canonical line
bundle of the complex manifold (M, I1). Therefore, we can consider the
notion of special Lagrangian submanifolds in M as follows.
Definition 2.3. Let (M, g, I1, I2, I3) be a hyper-Ka¨hler manifold of real di-
mension 4n, and L ⊂ M be a 2n-dimensional submanifold. Then L is a
special Lagrangian submanifold if ω1|L = Im(ω2 +
√−1ω3)n|L = 0.
3 Toric hyper-Ka¨hler manifolds
3.1 Construction
In this subsection we review the construction of toric hyper-Ka¨hler manifolds
shortly. Let uZ : Z
d → Zn be a surjective Z linear map which induces a
homomorphisms between tori and their Lie algebras, denoted by uˆ : T d → T n
and u : td → tn, respectively. We put K := Ker uˆ ∈ T d and k := Ker u ∈ td,
where k : is the Lie algebra of the subtorus K. The adjoint map of u is
denoted by u∗ : (tn)∗ → (td)∗ : and it induces u∗ : V ⊗ (tn)∗ → V ⊗ (td)∗
naturally for any vector space V , which is also denoted by the same symbol.
Next we consider the action of T d on the quaternionic vector space Hd
given by (x1, · · · , xd) · (g1, · · · , gd) := (x1g1, · · · , xdgd) for xk ∈ H and gk ∈
S1. Then this action preserves the standard hyper-Ka¨hler structure on Hd,
and the hyper-Ka¨hler moment map µd : H
d → ImH ⊗ (td)∗ is given by
µd(x1, · · · , xd) = (x1ix1, · · · , xdixd). Here, ImH ∼= R3 is the pure imaginary
part of H.
Let ιˆ : K → T d and ι : k → td be the inclusion maps and put µK :=
ι∗ ◦ µd : Hd → ImH ⊗ k∗ be the hyper-Ka¨hler moment map with respect
to K-action on Hd. For each λ ∈ ImH ⊗ k∗, we obtain the hyper-Ka¨hler
quotient X(u, λ) := µ−1K (ι
∗(λ))/K for every λ = (λ1, · · · , λd) ∈ ImH⊗ (td)∗,
called toric hyper-Ka¨hler varieties. The complex structures on X(u, λ) are
denoted by Iλ,1, Iλ,2, Iλ,3, and the corresponding Ka¨hler forms are denoted by
ωλ = (ωλ,1, ωλ,2, ωλ,3).
Although X(u, λ) is not necessarily to be a smooth manifold, the equiv-
alent condition for the smoothness was obtained by Bielawski-Dancer in [1].
Let e1, · · · , ed ∈ Rd be the standard basis and uk := u(ek) ∈ tn. Put
Hk = Hk(λ) := {y ∈ ImH⊗ (tn)∗; 〈y, uk〉+ λk = 0},
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where
〈y, uk〉 = (〈y1, uk〉, 〈y2, uk〉, 〈y3, uk〉) ∈ R3 = ImH
for y = (y1, y2, y3).
Theorem 3.1 ([1]). The hyper-Ka¨hler quotient X(u, λ) is a smooth manifold
if and only if both of the following conditions (∗1)(∗2) are satisfied. (∗1) For
any τ ⊂ {1, 2, · · · , d} with #τ = n + 1, the intersection ⋂k∈τ Hk is empty.
(∗2) For every τ ⊂ {1, 2, · · · , d} with #τ = n, the intersection ⋂k∈τ Hk is
nonempty if and only if {uk; k ∈ τ} is a Z-basis of Zn.
The T d action on Hd induces a T n = T d/K action on X(u, λ) preserving
the hyper-Ka¨hler structure of X(u, λ), and the hyper-Ka¨hler moment map
µλ = (µλ,1, µλ,2, µλ,3) : X(u, λ)→ ImH⊗ (tn)∗ is defined by
u∗(µλ([x])) := µd(x)− λ,
where [x] ∈ X(u, λ) is the equivalence class represented by x ∈ µ−1K (ι∗(λ)).
Let σ ∈ S2. A T n-invariant submanifold L ⊂ X(u, λ) becomes a σ-
holomorphic Lagrangian submanifold if µλ(L) is contained in q + σ ⊗ (tn)∗
for some q ∈ ImH⊗ (tn)∗.
3.2 Local model of the neighborhood of a fixed point
Let X = X(u, λ) be a smooth toric hyper-Ka¨hler manifold of real dimension
4n, ω = ωλ and µ = µλ. Denote by X
∗ the maximal subset of X on whom
T n acts freely. Let p ∈ X be a fixed point of the T n-action. Then we can see
that
Hk1 ∩Hk2 ∩ · · · ∩Hkn = {µ(p)}
for some k1, · · · , kn, and we may suppose ki = i without loss of generality.
By the result of [12], the hyper-Ka¨hler metric on X∗ can be described
using µ and T n-connection on X∗ and some functions defined on µ(X∗).
Using their result, we can see that ω can be decomposed into two parts as
ω = ωHn + µ
∗η
on U , where U is a T n-invariant neighborhood of p, ωHn has the same form
with the standard hyper-Ka¨hler structure on Hn, and η ∈ Ω2(µ(U)). Hence
we have the followings.
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Proposition 3.2. Let (X,ω, µ) and p be as above. There is a T n-invariant
neighborhood U ⊂ X of p, a T n-equivariant diffeomorphism F : U → BHn(ε)
and η ∈ Ω2(µ(U)) which satisfy
ω|U = F ∗ωHn|U + µ∗η,
µn|BHn(ε) ◦ F = µ|U − µ(p)
where BHn(ε) = {x ∈ Hn; ‖x‖ < ε}, and ωHn is the standard hyper-Ka¨hler
structure on Hn.
4 Characterizing angles
4.1 Calabi-Yau case
For the desingularization of special Lagrangian immersions which intersect
transversely on a point, one should consider the characterizing angles, intro-
duced by Lawlor [8].
Let (M,J, ω) be a Ka¨hler manifold, where J is a complex structure, ω is
a Ka¨hler form. Suppose that there is a Lagrangian immersion ι : L → M ,
where ι is embedding on L\{p+, p−} and ι(L) intersects at ι(p+) = ι(p−) =
p ∈ M transversely. We suppose L is not necessarily to be connected, and
the orientation of L is fixed.
Theorem 4.1 ([6][7]). Let (J0, ω0) be the standard Ka¨hler structure on C
m.
There exists a linear map v : TpM → Cm satisfying the following conditions;
(i) v is a C-linear isomorphism preserving the Ka¨hler forms, (ii) there is
ϕ = (ϕ1, · · · , ϕm) ∈ Rm which satisfies 0 < ϕ1 ≤ · · · ≤ ϕm < pi and
v ◦ ι∗(Tx+L) = Rm = {(t1, · · · , tm) ∈ Cm; ti ∈ R},
v ◦ ι∗(Tx−L) = Rmϕ = {(t1e
√−1ϕ1 , · · · , tme
√−1ϕm) ∈ Cm; ti ∈ R}.
(iii) v maps the orientation of ι∗(Tx+L) to the standard orientation of R
m.
Moreover, ϕ1, · · · , ϕm and the induced orientation of Rmϕ by v, ι∗(Tx−L) do
not depend on the choice of v.
Proof. Choose a C-linear map v0 : TpM → Cm which preserves the Ka¨hler
metrics and the orientations of ι∗(Tx+L) and R
m. Then V± := v0 ◦ ι∗(Tx±L)
are Lagrangian subspaces of Cm. It is well-known that any Lagrangian sub-
spaces in Cm are written as g · Rm for some g ∈ U(m), where Rm ⊂ Cm
is the standard real form of Cm. Therefore there are g± ∈ U(m) so that
g+ · V+ = g− · V− = Rm. We may chose g+ so that it preserves the orienta-
tions of V+ and R
m. Once we fined such g±, we can replace them by h±g±
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for any h+ ∈ SO(m) and h− ∈ O(m) respectively. Now, let v := h+g+v0.
Then we have v ◦ ι∗(Tx+L) = Rm and
v ◦ ι∗(Tx−L) = h+g+V− = (h+g+g−1− h−1− )h−g−V−
= (h+g+g
−1
− h
−1
− )R
m.
Accordingly, it suffices to show that h± ∈ O(m) can be chosen so that
h+g+g
−1
− h
−1
− is a diagonal matrix. Put P = g+g
−1
− ∈ SU(m). Since tPP is
a unitary and symmetric matrix, it can be diagonalized by some Q ∈ O(m),
that is, tQtPPQ = diag(e
√−1θ1, · · · , e
√−1θm) holds for some 0 ≤ θ1 ≤
· · · ≤ θm < 2pi. Note that Q can be chosen so that either det(Q) = 1 or
det(Q) = −1. If we put R := PQdiag(e−
√−1θ1/2, · · · , e−
√−1θm/2) ∈ U(m),
then tR = R∗ = R−1 holds, hence R is contained in O(m). We determine the
value of det(Q) so that det(R) = 1. Hence the assertion follows by putting
h+ = R
−1, h− = Q−1 and ϕi = θi/2. Here, ϕi never be 0 since V+ and V−
intersect transversely.
Next we show the uniqueness of ϕ1 ≤ · · · ≤ ϕm and the orientation of
Rmϕ . Assume that we have other vˆ : TpM → Cm satisfying (i)(ii)(iii), and
suppose
vˆ ◦ ι∗(Tx−L) = {(t1e
√−1ϕˆ1 , · · · , tme
√−1ϕˆm) ∈ Cm; ti ∈ R}
holds for some 0 < ϕˆ1 ≤ · · · ≤ ϕˆm < pi. If we put gˆ := vˆv−1, then gˆ is
in U(m) and preserves the subspace Rm ⊂ Cm, hence gˆ ∈ O(m). Moreover
gˆ ∈ SO(m) holds since v and vˆ satisfy (iii). Moreover gˆ(Rmϕ ) = Rmϕˆ also
holds, consequently we can see that
G := diag(e−
√−1ϕˆ1 , · · · , e−
√−1ϕˆm) · gˆ · diag(e
√−1ϕ1 , · · · , e
√−1ϕm)
is a real matrix, hence we can deduce that
gˆ · diag(e2
√−1ϕ1, · · · , e2
√−1ϕm) · gˆ−1 = diag(e2
√−1ϕˆ1 , · · · , e2
√−1ϕˆm)
by G = G. Thus we obtain e2
√−1ϕi = e2
√−1ϕˆi for all i = 1, · · · , m, which
implies ϕi = ϕˆi, since ϕˆi are taken from (0, pi). Now we have two orientations
on Rmϕ induced from v and vˆ respectively. These coincide since det(G) =
det(gˆ) = 1.
Here, ϕ = (ϕ1, · · · , ϕm) is called the characterizing angles between (L, p+)
and (L, p−). Under the above situation, assume that there is a holomorphic
volume form Ω on M satisfying ωm/m! = (−1)m(m−1)/2(√−1/2)mΩ ∧ Ω,
where m is the complex dimension of M . Let Ω0 := dz1 ∧ · · · ∧ dzm be the
standard holomorphic volume form on Cm, and assume that ι : L→ M is a
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special Lagrangian immersion. Then there exists v : TpM → Cm satisfying
Theorem 4.1. By the condition (ii), we can see that v∗Ω0 = Ωp.
Since both of ι∗(Tp±L) are special Lagrangian subspaces, there is a pos-
itive integer k = 1, 2, · · ·m − 1 and ϕ1 + · · · + ϕm = kpi holds. Then the
intersection point p ∈M is said to be of type k. Note that the type depends
on the order of p+, p−. If we take the opposite order, the characterizing
angles become pi − ϕm, · · · , pi − ϕ1 and the type becomes m− k.
4.2 Hyper-Ka¨hler case
An irreducible decomposition of T n-action on Hn is given by
H
n =
n⊕
i=1
Zi ⊕
n⊕
i=1
Wi,
where Zi and Wi are complex 1-dimensional representation of T
n defined by
(g1, · · · , gn)zi := gizi, (g1, · · · , gn)wi := g−1i wi
for (g1, · · · , gn) ∈ T n and zi ∈ Zi, wi ∈ Wi. Note that Zi and Wi are not
isomorphic as C-representations, but the complex conjugate restricted to Zi
gives an isomorphism of R-representations Zi → Wi. For (α, β) ∈ S3 ⊂ C2,
put h(α, β) := (|α|2 − |β|2, 2Im(αβ),−2Re(αβ)) ∈ R3. Then h : S3 → S2 is
the Hopf fibration and S1 action is given by e
√−1t ·(α, β) = (e
√−1tα, e−
√−1tβ).
Now we put
Vi(y) := {(αzi, βzi) ∈ Zi ⊕Wi; zi ∈ Zi}
for y ∈ S2, where (α, β) ∈ S3 is taken to be h(α, β) = y. Then Vi(y) does
not depend on the choice of (α, β), and Vi(y) is an sub R-representation
of Zi ⊕Wi. Conversely, any nontrivial sub R-representation of Zi ⊕Wi is
obtained in this way. Note that Vi(y) = Vi(y
′) holds if and only if y = y′.
Proposition 4.2. Let V ⊂ Hn be a σ-holomorphic Lagrangian subspace
which is closed under the T n action. Then we have
V =
n⊕
i=1
Vi(εiσ)
for some εi = ±1, and its hyper-Ka¨hler moment image is given by
µn(V ) = {σ ⊗ (x1, · · · , xn) ∈ ImH⊗ (tn)∗; εixi ≥ 0}.
Proof. Take σ′, σ′′ ∈ S2 so that (σ, σ′, σ′′) is the orthonormal basis with
positive orientation of R3. Let I1, I2, I3 be the standard basis of the pure
imaginary part of H, and Iσ, Iσ
′
, Iσ
′′
be its hyper-Ka¨hler rotation. Let V ⊂
Hn be a σ-holomorphic Lagrangian subspace which is closed under the T n
action. Since V is Lagrangian with respect to ωσ
′
, we have an orthogonal
decomposition Hn = V ⊕ Iσ′V . Then V and Iσ′V are isomorphic as real
representations of T n, therefore V should be isomorphic to ⊕ni=1Zi as real
representations of T n, and can be written as V = ⊕ni=1Vi(yi) for some yi ∈ S2
by Schur’s Lemma. Here, every yi is determined uniquely. Next we calculate
the restriction of ω to V . Let (z1, · · · , zn, w1, · · · , wn) be the holomorphic
coordinate on Hn, where zi ∈ Zi ∼= C and wi ∈ Wi ∼= C then ω can be written
as
ω1 =
√−1
2
n∑
i=1
(dzi ∧ dzi + dwi ∧ dwi),
ω2 +
√−1ω3 =
n∑
i=1
dzi ∧ dwi.
Take (αi, βi) ∈ S3 such that h(αi, βi) = yi. Then P,Q ∈ V = ⊕ni=1Vi(yi) can
be written as
P = (α1p1, · · · , αnpn, β1p1, · · ·βnpn),
Q = (α1q1, · · · , αnqn, β1q1, · · ·βnqn)
for some pi ∈ Zi and qi ∈ Wi. Then we obtain
ω1(P,Q) =
n∑
i=1
(|αi|2 − |βi|2)Im(piqi),
(ω2 +
√−1ω3)(P,Q) = −2
√−1
n∑
i=1
αiβiIm(piqi).
Hence σ Lagrangian condition for V is equivalent to that the vector

∑n
i=1(|αi|2 − |βi|2)Im(piqi)
2
∑n
i=1 Im(αiβi)Im(piqi)
−2∑ni=1Re(αiβi)Im(piqi)

 ∈ R3
is orthogonal to σ′, σ′′ ∈ R3 for any pi, qi ∈ C. Thus every
yi =

 |αi|
2 − |βi|2
2Im(αiβi)
−2Re(αiβi)


is equal to ±σ because {σ, σ′, σ′′} is an orthonormal basis.
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Proposition 4.3. Let (X,ω, µ) and p be as in Proposition 3.2. Let L ⊂ X
be a σ-holomorphic Lagrangian submanifold containing p, and assume that
there exists a sufficiently small r > 0, εi, ε
′
i = ±1, and
(µ(L)− µ(p)) ∩ B(r) = σ ⊗ {x ∈ (tn)∗; ‖x‖ < r, ε′ixi ≥ 0},
µn(V ) = σ ⊗ {x ∈ (tn)∗; εixi ≥ 0}
holds, where V = dFp(TpL) and B(r) = {y ∈ ImH ⊗ (tn)∗; ‖y‖ < r}. Then
εi = ε
′
i holds for every i = 1, · · · , n.
Proof. By the first equation of Proposition 3.2, we have µ(L) − µ(p) =
µn(F (L)). Since T0F (L) = dFp(TpL), µn(V ) = µn(T0F (L)) holds. Now we
have open neighborhoods U0 ⊂ F (L) of 0, U1 ⊂ T0F (L) of 0, and a diffeomor-
phism f : U0 → U1 such that f(0) = 0 and df0 = id. Next we take a smooth
map γ : (−1, 1) → F (L) which satisfies γ(0) = F (p) = 0, ε′iµin(γ(t)) > 0 for
t 6= 0. Here µin is the i-th component of µn. Since ‖f(x)−x‖ = O(‖x‖2) and
µn(x+ δx) = µn(x) +O(‖x‖‖δx‖) holds, we have
µn(f ◦ γ(t)) = µn(γ(t) +O(‖γ(t)‖2))
= µn(γ(t)) +O(‖γ(t)‖3)
If we take t sufficiently close to 0, then ‖γ(t)‖ is sufficiently small but
ε′iµ
i
n(γ(t)) > 0, hence ε
′
iµ
i
n(f ◦ γ(t)) should be positive for small t since
µn is a quadratic polynomial. Since µn(f ◦γ(t)) ∈ µn(V ), εi = ε′i must holds.
We have taken i arbitrarily, εi = ε
′
i holds for every i = 1, · · · , n.
Let
σ(θ) = (0, cos θ, sin θ) ∈ S2.
Then every σ(θ)-holomorphic Lagrangian submanifold is special Lagrangian,
if nθ ∈ piZ.
Proposition 4.4. Let nθ± ∈ piZ and V± be T n-invariant σ(θ±)-holomorphic
Lagrangian subspaces of Hn given by
V+ :=
n⊕
i=1
Vi(σ(θ+)), V− :=
n⊕
i=1
Vi(σ(θ−)).
Then the characterizing angles between V+ and V− are given by (θ− − θ+)/2
with multiplicity 2n.
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Proof. Since h(
√−1/√2, e
√−1θ±/
√
2) = σ(θ±), we have
V± = {(
√−1√
2
z1,
e
√−1θ±
√
2
z1, · · · ,
√−1√
2
zn,
e
√−1θ±
√
2
zn) ∈ Hn; z1, · · · , zn ∈ C}
respectively. Put
A(θ) :=
1√
2
( −√−1 e−√−1θ
−1 √−1e−
√−1θ
)
,
and
g+ :=


A(θ+) O
. . .
O A(θ+)

 , g− :=


A(θ−) O
. . .
O A(θ−)

 .
Since g+V+ = g−V− = R2n holds, then the characterizing angles are the
argument of the square root of the eigenvalues of tPP , where P = g+g
−1
− , by
the proof of Theorem 4.1. Since
t(A(θ+)A(θ−)−1)A(θ+)A(θ−)−1 = e
√−1(θ−−θ+)Id,
the characterizing angles turn out to be (θ−−θ+)/2 with multiplicity 2n.
Now we consider the case that
(M,J, ω,Ω) = (X(u, λ), I1, (ωλ,2 +
√−1ωλ,3)n)
and L = L+ ⊔ L−, where L± is embedded as σ(θ±)-holomorphic Lagrangian
submanifolds respectively, for some θ± ∈ R. Denote by ι : L → X(u, λ) the
immersion. Assume that the image of L is a T n invariant subset of X(u, λ),
and p is the fixed point of the torus action. In this subsection, we see the
characterizing angles between (L, p+) and (L, p−) in this situation.
Take F : U → BHn(ε) as in Proposition 3.2. Then dFp : TpX(u, λ)→ Hn
is T n-equivariant and satisfies dF ∗p (ωHn|0) = ω|p by the first equation in
Proposition 3.2 since dµp = 0. Here, a T
n-action on TpX(u, λ) is induced
from the torus action on X(u, λ) since p is fixed by the action. Then V± :=
dFp ◦ ι∗(Tp±L) is a σ±-holomorphic Lagrangian subspace of Hn, respectively.
Moreover, V± are closed under the T n-action.
Proposition 4.5. Under the above setting, assume that there is a sufficiently
small r > 0 and
(µ(L±)− µ(p)) ∩B(r) = σ± ⊗ {x ∈ (tn)∗; ‖x‖ < r, xi ≥ 0}
holds respectively. Then the characterizing angles between (L, p+) and (L, p−)
are given by (θ− − θ+)/2 with multiplicity 2n.
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Proof. By combining Propositions 4.24.3, we can see that
V± =
n⊕
i=1
Vi(σ(θ±))
respectively. Thus we have the assertion by Proposition 4.4.
5 Proof of Theorem 1.2
In this section we prove Theorem 1.2. Although Theorem 1.2 follows from
Theorem 9.7 of [6] essentially, we need some additional argument about the
quivers. Let Q = (V, E , s, t) be a quiver, that is, V consists of finite vertices,
E consists of directed finite edges, and s, t : E → V are maps. Here, s(h) and
t(h) means the source and the target of h ∈ E respectively. The quiver is
said to be connected if any two vertices are connected by some edges. Given
the quiver, we have operators
∂ : RE → RV
∂∗ : RV → RE
defined by
∂(
∑
h∈E
Ah · h) :=
∑
k∈V
Ah · (s(h)− t(h)),
∂∗(
∑
k∈V
xk · k) :=
∑
h∈E
(xs(h) − xt(h)) · h.
Here, RE and RV are the free R-modules generated by elements of E and V
respectively. Since ∂∗ is the adjoint of ∂, we have
h0(Q)− h1(Q) = #V −#E , (1)
where h0(Q) = dim Ker∂
∗ and h1(Q) = dim Ker∂. Note that h0(Q) is equal
to the number of the connected components of Q.
We need the following lemmas for the proof of Theorem 1.2.
Lemma 5.1. Let Q be as above. The set (R>0)
E ∩ Ker(∂) is nonempty if
and only if E is covered by cycles.
Proof. Suppose that E = ⋃α Sk holds for some cycles S1, · · · , SN . For a
subset S ⊂ E , define χS ∈ RE by
(χS)h :=
{
1 (h ∈ S),
0 (h /∈ S).
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Then
∑N
k=1 χSk is contained in (R>0)
E ∩Ker(∂).
Conversely, assume that there exists A =
∑
h∈E Ah ·h ∈ (R>0)E ∩Ker(∂),
and take h0 ∈ E arbitrarily. Since ∂(A) = 0, we have∑
h∈s−1(t(h0))
Ah =
∑
h∈t−1(t(h0))
Ah ≥ Ah0 > 0.
Hence s−1(t(h0)) is nonempty, we can take h1 ∈ s−1(t(h0)). By repeating this
procedure, we obtain h0, h1, · · · , hl so that t(hk) = s(hk+1) for k = 0, · · · , l−
1. Stop this procedure when t(hl) = s(hk) holds for some k = 0, · · · , l. Since
V is finite, this procedure always stops for some l < +∞. Then we have an
nonempty cycle S0 = {hk, hk+1, · · · , hl}. If h0 is contained in S0, then we
have the assertion, hence suppose h0 /∈ S0 Put A0 := minh∈S0 Ah > 0,
P0 := {h ∈ E ; Ah = A0},
E1 := E\P0.
Then we have a new quiver ((V, E1, s, t)) and the boundary operator ∂1 :
RE1 → RV . Now, put A(1) := A−A0χS0 ∈ RE1 , where Then each component
of A(1) is positive. Moreover we can see that
∂1(A
(1)) =
∑
h∈E\S0
Ah(s(h)− t(h)) +
∑
h∈S0\P0
(Ah − A0)(s(h)− t(h))
=
∑
h∈E
Ah(s(h)− t(h))−
∑
h∈S0
Ah(s(h)− t(h))
+
∑
h∈S0
(Ah −A0)(s(h)− t(h))
= ∂(A)−
∑
h∈S0
A0(s(h)− t(h))
= −A0∂(χS0) = 0,
thus A(1) is contained in (R>0)
E1 ∩ Ker(∂1). Then we can apply the above
procedure for h0 ∈ E1 and we can construct Sk inductively. Since E is finite
and #E > #E1 > · · · holds, there is k0 such that h0 ∈ Sk0 .
Lemma 5.2. Let Q = (V, E , s, t) be as above. Then Q′ = (V, E\{h}, s, t)
satisfies either (h0(Q
′),h1(Q′)) = (h0(Q) + 1,h1(Q)) or (h0(Q′),h1(Q′)) =
(h0(Q),h1(Q)− 1) for any h ∈ E .
Proof. Put
E1 := {h ∈ E ;Ah = 0 for any A ∈ Ker(∂)},
E2 := E\E1.
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First of all, we show that there exists A ∈ (R 6=0)E2∩Ker(∂2), where ∂2 : RE2 →
RV is the restriction of ∂ to RE2 ⊂ RE . By the definition of E2, we can easy
to see that Ker(∂2) = Ker(∂) holds, then we can take A
h =
∑
h′∈E2 A
h
h′ · h′ ∈
Ker(∂2) for every h ∈ E2 so that Ahh 6= 0. Since E2 is a finite set, we may
write E2 = {1, · · · ,#E2}. Let h1 be the minimum number so that A1h1 = 0.
Then put B2 := A1 + a1A
h1 for some a1 6= 0. Chose a1 sufficiently close to 0
so that B2h 6= 0 for all h ≤ h1. By defining Bk inductively, finally we obtain
A = BN ∈ (R 6=0)E2 ∩Ker(∂2) for some N .
Since hi(Q) is independent of the orientation of each edge in E , we can
replace h ∈ E2 by the edge with the opposite orientation if Ah < 0. Conse-
quently, we may suppose Ah > 0 for any h ∈ E2 without loss of generality.
Hence E2 is covered by cycles by Lemma 5.1.
Next we consider Q′ = (V, E ′ = E\{h}, s, t). Let ∂′ := ∂|E ′ and (∂′)∗ :
V → E ′ be the adjoint operator. If h ∈ E1, then we can see Ker(∂) = Ker(∂′).
In this case (h0(Q
′),h1(Q′)) = (h0(Q) + 1,h1(Q)) holds by the equation (1).
If h ∈ E2, then h is contained in a cycle S ⊂ E2. Then s(h) and t(h) are also
connected in E ′, the number of the connected components of Q′ is equal to
that of Q. Thus we have (h0(Q
′),h1(Q′)) = (h0(Q),h1(Q)− 1).
Let Lα be a compact connected smooth special Lagrangian submanifold
of the Calabi-Yau manifold (M,J, ω,Ω) of dimCM = m for every α ∈ V.
For every h ∈ E , suppose Ls(h) and Lt(h) intersects transversely at ph ∈
Ls(h)∩Lt(h), where ph is the intersection point of type 1. Assume that ph 6= ph′
if h 6= h′, and assume that ⋃α∈V Lα\{ph; h ∈ E} is embedded in M . Let LQ
be a differential manifold obtained by taking the connected some of Ls(h)
and Lt(h) at ph for every h ∈ E . By Theorem 9.7 of [6], if (R>0)E ∩ Ker(∂)
is nonempty, there exists a family of compact smooth special Lagrangian
submanifolds {L˜t}0<t<δ which converges to
⋃
α∈V as t → 0 in the sense of
current. Here, L˜t is diffeomorphic to LQ.
Now we can replace the assumption that (R>0)
E ∩ Ker(∂) is nonempty
can be replaced by that E is covered by cycles. Consequently, the proof of
Theorem 1.2 is completed by the next proposition.
Proposition 5.3. If Q = (V, E , s, t) is a connected quiver, then LQ is dif-
feomorphic to
L1#L2# · · ·#LA#N(S1 × Sm−1),
where V = {1, · · · , A} and N = dim Ker(∂), and the orientation of each Lα
is determined by ReΩ|Lα.
Proof. Let Q = (V, E , s, t) be a connected quiver and Q′ = (V, E ′, s|E ′, t|E ′),
where E ′ = E\{h}. Let E1, E2 be as in the proof of Lemma 5.2.
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If h ∈ E1, then the quiver Q′ consists of two connected components Q1 =
(W1,F1, s|F1, t|F1) and Q2 = (W2,F2, s|F2 , t|F2), where V = W1 ⊔ W2 and
Fi = E ′ ∩ (s−1(Wi) ∪ t−1(Wi)). Then we can see that LQ = LQ1#LQ2 .
If h ∈ E2, then Q′ = (V, E ′, s|E ′, t|E ′) is also connected, hence LQ is con-
structed from LQ′ in the following way. Take any distinct points p+, p− ∈ LQ′
and their neighborhood Bp± ⊂ LQ′ so that Bp0 ∩ Bp1 is empty and Bp±
are diffeomorphic to the Euclidean unit ball. Now we have a polar coordi-
nate (r±,Θ±) ∈ Bp±\{p±}, where r± ∈ (0, 1) is the distance from p±, and
Θ± ∈ Sm−1. By taking a diffeomorphism ψ : (r,Θ) 7→ (1− r, ϕ(Θ)), we can
glue Bp+\{p+} and Bp−\{p−}, then obtain LQ. Here, ϕ : Sm−1 → Sm−1 is
a diffeomorphism which reverse the orientation. Note that the differentiable
structure of LQ is independent of the choice of p±, Bp± and ϕ. There-
fore we may suppose p+ and p− is contained in an open subset U ⊂ LQ,
where U = B(0, 10) and Bp± = B(±5, 1), respectively. Here B(x, r) =
{x′ ∈ Rm; ‖x′ − x‖ < r}. Then (U\{(1, 0), (−1, 0)})/ψ is diffeomorphic to
S1 × Sm−1\{pt.}, hence LQ is diffeomorphic to LQ′#S1 × Sm−1.
By repeating these two types of procedures, we finally obtain a quiver
Q′′ = (V, ∅, s, t), and we have (h0(Q′′),h1(Q′′)) = (#V, 0). By counting
(h0,h1) on each step, it turns out that we have to follow the former proce-
dures #V − 1 times and the latter procedures h1(Q) times until we reach
Q′′. Therefore we obtain the assertion by considering the procedures induc-
tively.
6 The construction of compact special La-
grangian submanifolds in X(u, λ)
Here we construct examples of compact special Lagrangian submanifolds
in X(u, λ), using Theorem 1.2. We construct a one parameter family of
compact special Lagrangian submanifolds which degenerates to the union⋃
i Li of some σi-holomorphic Lagrangian submanifolds Li in Subsection 6.1.
Let X(u, λ) be a smooth toric hyper-Ka¨hler manifold.
Definition 6.1. We call △ ⊂ ImH ⊗ (tn)∗ a σ-Delzant polytope if it is a
compact convex set in
V (q, σ) := q + σ ⊗ (tn)∗
for some q ∈ ImH⊗ (tn)∗, and the boundary of △ in V (q, σ) satisfies
∂△ = △∩
( N⋃
k=1
Hk
)
.
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It is easy to see that L△ := µ−1λ (△) is σ-holomorphic Lagrangian if it
is smooth. Since T n-action is closed on L△, we may regard (L△, Iσλ,1|L△) as
a toric variety, equipped with a Ka¨hler form ωσλ,1|L△ and a Ka¨hler moment
map µσλ,1 : L△ → (tn)∗. In particular, L△ is an oriented manifold whose
orientation is induced naturally from Iσλ,1. We denote by L△ the oriented
manifold diffeomorphic to L△ with the opposite orientation. By the assump-
tion X(u, λ) is smooth, u and λ satisfies (∗1)(∗2) of Theorem 3.1, then it is
easy to see that △ is a Delzant polytope in the ordinary sense, consequently
L△ turns out to be a smooth toric variety.
Definition 6.2. For α = 0, 1, let △α be a σ(θα)-Delzant polytope. Put
Q(r) := {(t1, · · · , tn) ∈ (tn)∗; t1 ≥ 0, · · · , tn ≥ 0, t21 + · · ·+ t2n < r2}.
Then △0 and △1 are said to be intersecting standardly with angle θ if △0 ∩
△1 = {q} and there are ψ ∈ GLnZ, θ0 ∈ R and sufficiently small r > 0 such
that
ψ(△0 − q) ∩B(r) = σ(θ0)⊗Q(r),
ψ(△1 − q) ∩B(r) = σ(θ0 + θ)⊗Q(r),
where ψ : (Zn)∗ → (Zn)∗ extends to ImH⊗ (tn)∗ → ImH⊗ (tn)∗ naturally.
For m ∈ Z>0, let
dm(l1, l2) := min{|l1 − l2 +mk|; k ∈ Z},
for l1, l2 ∈ Z, which induces a distance function on Z/mZ.
The main result of this article is described as follows.
Theorem 6.3. Let X(u, λ) be a smooth toric hyper-Ka¨hler manifold, and
△k be a σ(kpi/n)-Delzant polytope for each k = 1, · · · , 2n. Assume that
△k ∩△l = ∅ if d2n(k, l) > 1, and △k and △k+1 intersecting standardly with
angle pi/n. Then there exists a family of compact special Lagrangian subman-
ifolds {L˜t}0<t<δ which converges
⋃2n
k=1L△k as t→ 0 in the sense of current.
Moreover, L˜t is diffeomorphic to L△1#L△2# · · ·L△2n−1#L△2n#(S1×S2n−1).
Proof. We apply Theorem 1.2. By combining Propositions 4.2 and 4.4, we
can see that the characterizing angles between L△k and L△k+1 are
pi
2n
with
multiplicity 2n. Then the intersection point L△k ∩ L△k+1 is of type 1.
Next we consider the topology of L˜t. When we take a connected sum, we
should determine the orientation of L△k uniformly by the calibration ReΩ,
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where Ω = (ωλ,2 +
√−1ωλ,3)n. Now Ω|L△k = (−1)k(ω
σ(kpi/n)
1 )
n|L△k holds,
therefore L˜t is diffeomorphic to
L△1#L△2# · · ·L△2n−1#L△2n#(S1 × S2n−1).
6.1 Example (1)
Let
u = (In In · · · In) ∈ Hom(Z2n2 ,Zn)
and λ = (λ1,1, · · · , λ1,n, λ2,1, · · · , λ2,n, · · · , λ2n,1, · · · , λ2n,n), where In is the
identity matrix. Then X(u, λ) is smooth if λk,α = λl,α holds only if k = l.
We assume this condition and that −λk,α = (0, ρk,α) ∈ {0} ⊕ C holds for
every k, α, where ImH is identified with R⊕ C. Moreover we suppose that
arg(ρk+1,α − ρk,α) = θ0 + n+ 1
n
kpi (2)
for some θ0 ∈ R. Note that X(u, λ) is a direct product of multi Eguchi-
Hanson spaces.
Next we put qk := −(λk,1, · · · , λk,n) ∈ ImH⊗ (tn)∗, and
k := qk + (0, e
√−1(θ0+n+1n kpi))⊗(rk,1, · · · , rk,n)
⊂ V (qk, σ(θ0 + n + 1
n
kpi)),
where rk,α = |ρk+1,α−ρk,α|, and a hyperrectangle (r1, · · · , rn) ⊂ (tn)∗ ∼= Rn
is defined by
(r1, · · · , rn) := {(t1, · · · , tn) ∈ Rn; 0 ≤ t1 ≤ r1, · · · , 0 ≤ tn ≤ rn}
Let Hk,α = {y ∈ ImH⊗ (tn)∗; yk + λk,α = 0}. Then it is easy to see that
k is compact, convex and
∂k ⊂
2n⋃
α=1
(Hk,α ∪Hk+1,α).
Therefore, k is a σ(θ0 + (n + 1)kpi/n)-Delzant polytope if
k ∩
⋃
α,k
Hk,α ⊂ ∂k (3)
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holds.
Next we study the intersection of k−1 and k. We can check that
k−1 ∩k = {qk} and every element in k−1 satisfies
qk−1 + (0, e
√−1(θ0+n+1n (k−1)pi))⊗ (t1, · · · , tn)
= qk−1 + (0, e
√−1(θ0+n+1n (k−1)pi))⊗ (rk−1,1, · · · , rk−1,n)
−(0, e
√−1(θ0+n+1n (k−1)pi))⊗ (rk−1,1 − t1, · · · , rk−1,n − tn)
= qk−1 + (λk−1,1 − λk,1, · · · , λk−1,n − λk,n)
+(0, e
√−1(θ0+n+1n (k−1)+1)pi)⊗ (rk−1,1 − t1, · · · , rk−1,n − tn)
= qk + (0, e
θ0+
√−1 (n+1)k−1
n
pi)⊗ (rk−1,1 − t1, · · · , rk−1,n − tn).
Therefore, k−1 and k are intersecting standardly with angle pi/n. Of
course, the same argument goes well for 2n and 1.
To apply Theorem 6.3, it suffices to show that k ∩ l is empty if
d2n(k, l) > 1. However, this condition does not hold in general, accordingly
we need to take ρk,α well. Unfortunately, the author cannot find the good
criterion for ρk,α satisfying the above condition. Here we show one example
of ρk,α which satisfies the assumption of Theorem 6.3.
First of all, take a1, · · · , an ∈ R so that every am is larger than 1, and
put
ρ2m−1 := e
√−1 2(m−1)
n
pi + am(e
√−1 2m
n
pi − e
√−1 2(m−1)
n
pi),
ρ2m := e
√−1 2(m+1)
n
pi + am(e
√−1 2m
n
pi − e
√−1 2(m+1)
n
pi)
for each m = 1, · · · , n. Denote by lk ⊂ C the segment connecting ρk and
ρk+1. Then we can easily see that lk−1 ∩ lk = {ρk} and
arg(ρk+1 − ρk) = n− 2
2n
pi +
n+ 1
n
kpi.
Note that we can regard k ∈ Z/2nZ and m ∈ Z/nZ.
Proposition 6.4. Let ρ1, · · · , ρ2n be as above. If every ak − 1 is sufficiently
small, then l2m−1 ∩ lk are empty for all m = 1, · · · , n and k = 1, · · · , 2n with
d2n(k, 2m− 1) > 1.
Proof. Let Re : C → R be the projection given by taking the real part. It
suffices to show that Re(l2m−1e−
√−1 2m
n
pi) ∩ Re(lke−
√−1 2m
n
pi) is empty under
the given assumptions. Let ρ2m−1 + t(ρ2m − ρ2m−1) ∈ l2m−1. Then we can
check that
Re(ρ2m−1e
−√−1 2m
n
pi + t(ρ2m − ρ2m−1)e−
√−1 2m
n
pi) = (1− am) cos 2pi
n
+ am,
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which implies Re(l2m−1e−
√−1 2m
n
pi) = {−(am − 1) cos 2pin + am}. If we can see
that
Re(ρke
−√−1 2m
n
pi) < −(am − 1) cos 2pi
n
+ am (4)
for all k, we have the assertion. Since
Re(ρ2le
−√−1 2m
n
pi) = −(al − 1) cos(2(1 + l −m)
n
pi)
+al cos(
2(l −m)
n
pi),
Re(ρ2l′−1e−
√−1 2m
n
pi) = −(al′ − 1) cos(2(1− l
′ +m)
n
pi)
+al′ cos(
2(l′ −m)
n
pi)
and d2n(2l, 2m) > 1, d2n(2l
′− 1, 2m) > 1 holds, we have cos(2(l−m)pi/n) ≤
cos(2pi/n) and cos(2(l′ − m)pi/n) ≤ cos(2pi/n). By using the inequality
cos(2(1+l−m)
n
pi) ≥ −1 and cos(2(1−l′+m)
n
pi) ≥ −1, we obtain
Re(ρ2le
−√−1 2m
n
pi) ≤ (al − 1) + al cos 2pi
n
= (al − 1)(1 + cos 2pi
n
) + cos
2pi
n
,
Re(ρ2l′−1e−
√−1 2m
n
pi) ≤ (al′ − 1) + al′ cos 2pi
n
= (al′ − 1)(1 + cos 2pi
n
) + cos
2pi
n
Now, if we assume al − 1 < (1− cos 2pin )/(1 + cos 2pin ), then the left-hand-side
of (4) is less than 1. Since
− (am − 1) cos 2pi
n
+ am = (am − 1)(1− cos 2pi
n
) + 1,
the right-hand-side of (4) is always larger than 1 and we obtain the inequality
(4).
Now, divide {1, · · · , n} into two nonempty sets
{1, · · · , n} = A+ ⊔A−,
and define ρk,α by ρk,α = ρk if α ∈ A+, and ρk,α = ρke
√−1pi/n if α ∈ A−.
Here, we suppose ak − 1 are sufficiently small so that Proposition 6.4 holds.
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Denote by lk,α the segment in ImH connecting (0, ρk,α) and (0, ρk+1,α). Then
we can see that
k = qk + lk,1 × · · · × lk,n,
and k satisfies (3).
Proposition 6.5. Let 1, · · · ,2n be as above. Then k ∩ l is empty if
d2n(k, l) > 1.
Proof. Suppose there is an element xˆ ∈ k ∩ l. Then xˆ can be written as
xˆ = (0, x) for some x = (x1, · · · , xn) ∈ Cn, and
xα = ρk,α + tk,α(ρk+1,α − ρk,α) = ρl,α + tl,α(ρl+1,α − ρl,α) (5)
holds for some 0 ≤ tk,α, tl,α ≤ 1. Now, assume that l is odd. Then (5) has no
solution for α ∈ A+ by Proposition 6.4. Similarly, if l is supposed to be even,
then (5) has no solution for α ∈ A−. Hence k ∩l should be empty.
Since Lk = (P
1)n, and there is an orientation preserving diffeomorphism
between (P1)n and (P1)n, we obtain the following example.
Theorem 6.6. Let X(u, λ) be as above. Then there exists a compact smooth
special Lagrangian submanifold diffeomorphic to
2n(P1)n#(S1 × S2n−1)
embedded in X(u, λ).
6.2 Example (2)
Here we construct one more example in an 8 dimensional toric hyper-Ka¨hler
manifolds.
Let
u :=
(
1 1 0 1 0
1 0 1 0 1
)
∈ Hom(Z5,Z2),
and λ = (λ0, · · · , λ4) ∈ ImH⊗ (t5)∗. Put
q1 := −(λ1, λ2), q2 := −(λ3, λ2), q3 := −(λ3, λ4), q4 := −(λ1, λ4)
and △k := qk + τk ⊗△ for k = 1, · · · , 4, where
τ1 := λ1 + λ2 − λ0,
τ2 := λ3 + λ2 − λ0,
τ3 := λ3 + λ4 − λ0,
τ4 := λ1 + λ4 − λ0,
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and
△ := {(t1, t2) ∈ (t2)∗ ∼= R2; t1 ≥ 0, t2 ≥ 0, t1 + t2 ≤ 1}.
If we assume that τ1 = (0,
√−1r1), τ2 = (0,−r2), τ3 = (0,−
√−1r1), τ4 =
(0, r2) ∈ R ⊕ C, where r1, r2 > 0, then △k is a σ(kpi/2)-Delzant polytope.
For example, put λ0 = λ1 = 0, λ2 = (0,
√−1r1), λ3 = (0,−r2 −
√−1r1) and
λ4 = (0, r2).
Proposition 6.7. Under the above setting, △k and △k+1 are intersecting
standardly with angle pi/2 for every k = 1, · · · , 4. Here we suppose △5 = △1.
Proof. We check the case of k = 1, because other cases can be shown simi-
larly. Let qk + τk ⊗ (t1, t2) ∈ △k. Then we have
q1 + τ1 ⊗ (t1, t2) = q1 + τ1 ⊗ (1, 0) + τ1 ⊗ (t1 − 1, t2)
= (λ2 − λ0,−λ2) + σ(pi
2
)⊗ r1(t1 − 1, t2),
q2 + τ2 ⊗ (t1, t2) = q2 + τ2 ⊗ (1, 0) + τ2 ⊗ (t1 − 1, t2)
= (λ2 − λ0,−λ2) + σ(pi)⊗ r2(t1 − 1, t2),
therefore △1 and △2 are intersecting standardly with angle pi/2. Note that
we have to take
ψ =
( −1 0
0 1
)
in Definition 6.2, since t1 − 1 is nonpositive in this case.
Proposition 6.8. Under the above setting, △1∩△3 and △2∩△4 are empty
sets.
Proof. Every x ∈ △1 ∩△3 can be written as
x = q1 + τ1 ⊗ (t1, t2) = q3 + τ3 ⊗ (s1, s2)
for some 0 ≤ t1, t2, s1, s2 ≤ 1. The first component of the above equation
gives
t1τ1 − s1τ3 = λ1 − λ3 = τ1 − τ2.
By substituting τ1 = (0,
√−1r1), τ2 = (0,−r2) and τ3 = (0,−
√−1r1), we
obtain
(t1 + s1)
√−1r1 = r2 +
√−1r1,
which has no solution (t1, s1) ∈ R2. △2 ∩ △4 = ∅ also follows by the same
argument.
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Thus we obtain the following example.
Theorem 6.9. Let X(u, λ) be as above. Then there exists a compact smooth
special Lagrangian submanifold diffeomorphic to 2P2#2P2#(S1×S3) embed-
ded in X(u, λ).
6.3 Example (3)
We can describe a generalization of Theorem 6.3 in the more complicated
situation.
Theorem 6.10. Let (V, E , s, t) be a quiver, X(u, λ) be a smooth toric hyper-
Ka¨hler manifold, and {△k}k∈V be a family of subsets of ImH⊗(tn)∗. Assume
that every △k is a σ(θk)-Delzant polytope for some θk ∈ R, △s(h) and △t(h)
intersecting standardly with angle pi/n if h ∈ E , otherwise △k1 ∩△k2 = ∅ or
k1 = k2. Moreover, suppose that E is covered by cycles. Then there exists a
family of compact special Lagrangian submanifolds {L˜t}0<t<δ which converges
to
⋃
k∈V L△k in the sense of current.
Proof. The proof is same as that of Theorem 6.3.
Fix positive real numbers a, b, c, am for m = 1, · · · , N so that 0 < a1 <
a2 < · · · < aN . Let
u =
(
1 1 1 1 0 0 · · · 0
0 0 0 0 1 1 · · · 1
)
∈ Hom(Z2N+6,Z2)
and
λ = (λ−3, λ−2, λ−1, λ0, λ1, · · · , λ2N+2) ∈ ImH⊗ (t2N+6)∗,
where −λ0 = 0, −λ−1 = (0,
√−1b), −λ−2 = (0, a +
√−1b), −λ−3 = (0, a),
−λ2m+1 = (0, am +
√−1c) and −λ2m+2 = (0, am) for m = 0, 1, · · · , N . Here,
we put a0 = 0. Then X(u, λ) is smooth and become the direct product
X(u′, λ′)×X(u′′, λ′′) where u′ = (1, 1, 1, 1) ∈ Hom(Z4,Z), u′′ = (1, · · · , 1) ∈
Hom(Z2N+2,Z), λ′ = (λ−3, λ−2, λ−1, λ0) and λ′′ = (λ1, · · · , λ2N+2). De-
note by [p, q] ⊂ ImH the segment connecting p, q ∈ ImH, and put A− :=
[−λ0,−λ−1], A+ := [−λ−2,−λ−3], S+ := [−λ−1,−λ−2], S− := [−λ−3,−λ0],
Am := [−λ2m+1,−λ2m+2] for m = 0, 1, · · · , N , S+,m := [−λ2m−1,−λ2m+1]
and S−,m := [−λ2m,−λ2m+2] for m = 1, · · · , N .
Let
2l,1 := A− ×A2l,
2l,2 := S+ × S+,2l+1,
2l,3 := A+ ×A2l+1,
2l,4 := S− × S−,2l+1
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for l = 0, 1, · · · , [(N − 1)/2], and
2l−1,1 := A− ×A2l,
2l−1,2 := S+ × S−,2l,
2l−1,3 := A+ ×A2l−1,
2l−1,4 := S− × S+,2l
for l = 1, · · · , [N/2]. Then m,j is a σ(jpi/2)-holomorphic Lagrangian sub-
manifold satisfying 2l−1,1 = 2l,1 and 2l,3 = 2l+1,3, moreover m,j and
m,j+1 intersect standardly with angle pi/2 for j = 1, 2, 3, 4, where we put
m,5 = m,1. Otherwise, m,j ∩m′,j′ is empty.
Now let
V := ({0, 1, · · · , N} × {1, 2, 3, 4})/ ∼,
where ∼ is defined by (2l−1, 1) ∼ (2l, 1) and (2l, 3) ∼ (2l+1, 3). We denote
by [m, j] ∈ V the equivalence class represented by (m, j). Put
E := {[m, j]→ [m, j + 1], [m, 4]→ [m, 1]; m = 0, · · · , N, j = 1, 2, 3},
where x→ y means the directed edge whose source is x and the target is y.
Then we obtain a quiver (V, Es, t) and it is easy to see that E is covered by
cycles. By this setting, we can see that {m,j}[m,j]∈V satisfies the assumption
of Theorem 6.10, and we have the following result.
Theorem 6.11. Let X(u, λ) be as above. Then there exists a compact smooth
special Lagrangian submanifold diffeomorphic to
(3N + 1)(P1)2#N(S1 × S3)
embedded in X(u, λ).
7 Obstruction
Here we introduce obstructions for the existence of holomorphic Lagrangian
and special Lagrangian submanifolds in hyper-Ka¨hler manifolds. Throughout
of this section, let (M4n, g, I1, I2, I3) be a hyper-Ka¨hler manifold.
Proposition 7.1. Let L ⊂ M be a special Lagrangian submanifold, and
also a σ-holomorphic Lagrangian submanifold for some σ ∈ S2. Then σ =
σ(kpi/n) for some k = 1, · · · , 2n.
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Proof. By decomposing R3 into Rσ and its orthogonal complement, we have
(1, 0, 0) = pσ + qτ
for some p, q ∈ R and τ ∈ S2, where τ is orthogonal to σ. Then we have
ω1 = pω
σ + qωτ and
0 = ω1|L = pωσ|L + qωτ |L = pωσ|L,
since L is a special Lagrangian and σ-holomorphic Lagrangian submanifold.
Hence p should be 0 since ωσ is non-degenerate on L. Thus we have (1, 0, 0) =
qτ , which means that σ is orthogonal to (1, 0, 0). Then we may write σ = σ(θ)
for some θ ∈ R. By the condition Im(ω2 +
√−1ω3)n|L = 0, we obtain
θ = kpi/n for some k = 1, · · · , 2n.
Proposition 7.2. Let L be a compact σ(θ)-holomorphic Lagrangian subman-
ifold in M for some θ, and the orientation of L be determined by ω
σ(θ)
1 . Then
the pairing of the de Rham cohomology class [ω2+
√−1ω3]n and the homology
class [L] ∈ H2n(M,Z) is given by
〈[ω2 +
√−1ω3]n, [L]〉 = e
√−1nθV,
where V (L) > 0 is the volume of L.
Proof. Since L is σ(θ)-holomorphic Lagrangian, we have
ω1|L = ωσˆ(θ)|L = 0,
where σˆ(θ) = (0,− sin θ, cos θ) ∈ S2. Then we obtain
〈[ω2 +
√−1ω3]n, [L]〉 =
∫
L
(ω2 +
√−1ω3)n
=
∫
L
e
√−1nθ{e−
√−1θ(ω2 +
√−1ω3)}n
= e
√−1nθ
∫
L
(ωσ(θ) +
√−1ωσˆ(θ))n
= e
√−1nθ
∫
L
(ωσ(θ))n = e
√−1nθV (L).
Let L1, L2, · · · , LA be compact smooth submanifolds of dimension 2n em-
bedded in M . Assume that each Lα is a σ(θα)-holomorphic Lagrangian sub-
manifold for some θα ∈ pinZ, and the orientation of Lα is determined by ωσ(θα).
Put εα = 1 if
n
pi
θα is even, and εα = −1 if npiθα is odd.
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Proposition 7.3. Under the above setting, assume that there exists a com-
pact smooth σ(θ)-holomorphic Lagrangian submanifold L in the homology
class
∑A
α=1 εα[Lα] for some θ ∈ R. Then {θ1, θ2, · · · , θA} is contained in
θ + piZ.
Proof. Since Lα is a σ(θα)-holomorphic Lagrangian submanifold, we have
〈[ω2 +
√−1ω3]n,
A∑
α=1
εα[Lα]〉 =
A∑
α=1
εαe
√−1nθαV (Lα)
=
A∑
α=1
ε2αV (Lα) =
A∑
α=1
V (Lα). (6)
by Proposition 7.2. Since L is a compact smooth σ(θ)-holomorphic La-
grangian submanifold, ω1|L = ωσˆ(θ)|L = 0 holds, where we put σˆ(θ) as in
the proof of Proposition 7.2. Therefore we obtain
〈[ω2 +
√−1ω3]n, [L]〉 = e
√−1nθ〈[ωσ(θ)]n, [L]〉 = e
√−1nθ〈[ωσ(θ)]n, [L]〉 (7)
by the same computation in the proof of Proposition 7.2. Then by combining
(6)(7), θ is given by θ = kpi/n for an integer k = 1, · · · , 2n. Now we have
ωσ(θ) = Re(e−
√−1θ(ω2 +
√−1ω3))
= Re(e−
√−1(θ−θα)e−
√−1θα(ω2 +
√−1ω3))
= Re(e−
√−1(θ−θα)(ωσ(θα) +
√−1ωσˆ(θα)))
= cos(θ − θα)ωσ(θα) + sin(θ − θα)ωσˆ(θα)
and ωσˆ(θα)|Lα = 0, we obtain
〈[ωσ(θ)]n, [L]〉 =
A∑
α=1
εα〈[ωσ(θ)]n, [Lα]〉
=
A∑
α=1
εα cos
n(θ − θα)〈[ωσ(θα)]n, [Lα]〉
=
A∑
α=1
εα cos
n(θ − θα)V (Lα) (8)
By combining (6)(7)(8) and putting θ = kpi/n, we obtain
A∑
α=1
V (Lα) = (−1)k
A∑
α=1
εα cos
n
(
kpi
n
− θα
)
V (Lα).
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Next we put θα = kαpi/n for kα = 1, · · · , 2n. Then εα = (−1)kα and
A∑
α=1
V (Lα) =
A∑
α=1
(−1)k−kα cosn
(
k − kα
n
pi
)
V (Lα)
holds. Since every V (Lα) is positive, we obtain
(−1)k−kα cosn
(
k − kα
n
pi
)
= 1, (9)
then k − kα should be contained in nZ. If k − kα = nl for some l ∈ Z, then
cos(k−kα
n
pi) = cos lpi = (−1)l holds, which gives
(−1)k−kα cosn
(
k − kα
n
pi
)
= (−1)nl(−1)nl = 1.
Thus the assertion follows since (9) holds if and only if k − kα ∈ nZ.
Corollary 7.4. Under the assumption of Theorem 6.10, let E be nonempty.
Then the special Lagrangian submanifolds L˜t obtained in Theorem 6.10 is not
σ-holomorphic Lagrangian submanifold for any σ ∈ S2.
Proof. First of all, note that L˜t is contains in
∑
k∈V εk[L△k ]. Let k1 → k2 ∈ E .
Then △k1 and△k2 are intersecting standardly with angle pi/n, hence we have
θk2 = θk1 + pi/n, which implies that {θk; k ∈ V} contains θk1 and θk1 + pi/n.
Thus {θk; k ∈ V} never be contained in θ + piZ for any θ since n > 1.
By Propositions 7.1 and 7.3, L˜t never becomes σ-holomorphic Lagrangian
submanifold for any σ ∈ S2.
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